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The SIR model is the cornerstone model for mathematical epidemiology, explaining key epidemic
features such as the second-order transition between disease-free and epidemic states, the initial
exponential growth of outbreaks or the short-term benefits of control measures. Nonetheless, the
classical SIR model assumes that pathogen traits remain fixed, thus neglecting viral evolution.
Here we propose a minimal extension of the SIR model, allowing infectiousness to evolve. We
show that such evolution can cause superexponential early growth of outbreaks, create abrupt
epidemic transitions, and undermine the effectiveness of control policies, as lifting interventions
too early can lead to worse epidemic scenarios than no action. We derive analytical expressions
for the critical mutation rate and intervention time governing this behavior, and identify a strong
asymmetry between control strategies: while shortening the infectious period hinders transmission
without suppressing viral evolution, lowering transmission both reduces cases and slows down viral
evolution.

Introduction.— The dynamics of infectious diseases
emerge from the interplay between pathogen traits and
host populations [1, 2]. Classical epidemic models, such
as the susceptible–infected–recovered (SIR) framework
[3, 4], have been instrumental in understanding outbreak
dynamics and in guiding the design of control strategies
during recent pandemics [5–8]. Recent theoretical stud-
ies [9–13], and particularly the work of Morris et al. [14],
have further analyzed how simple, fixed-strength inter-
ventions can be robust and near-optimal control strate-
gies.

A key underlying assumption in these approaches is
that pathogen traits remain effectively constant over the
course of an outbreak. Yet, many pathogens evolve on
timescales comparable to epidemic spreading, so that
mutation can directly affect epidemic dynamics [15–19].
The impact of control policies on viral evolution has
been mostly addressed in two-strain settings, charac-
terizing analytically how interventions alter the emer-
gence, survival and immune escape probabilities of mu-
tants both within hosts [20–23] and at the population
level [24–26]. Beyond the two-strain settings, phylody-
namic approaches have proven substantial alterations in
the evolutionary trajectories of Ebola and Influenza A
viruses following non-pharmaceutical interventions ap-
plied to contain Ebola [27] or COVID-19 outbreaks re-
spectively [28, 29].

The theoretical study of how viral evolution shapes epi-
demic trajectories and the effectiveness of control strate-
gies in multi-strain settings has been much less explored

in the literature [30, 31]. In this Letter, we address these
questions by introducing a minimal extension of the SIR
model in which infectivity is an evolving pathogen trait.
This framework allows us to couple epidemiological dy-
namics with evolutionary processes while retaining ana-
lytical tractability. We show that including evolution in
the SIR model challenges the expected behavior of this
model, inducing superexponential early-time dynamics
or abrupt epidemic transitions and reverting the short-
term benefits of epidemic control policies. We also show
how the compatibility of evolutionary and epidemic time
scales leads to strongly asymmetric outcomes of interven-
tions shaping within-host or inter-host dynamics. Our re-
sults therefore show that epidemic control and pathogen
evolution are intrinsically coupled and should therefore
be studied jointly for rapidly evolving viruses.

Modeling epidemics with infectivity evolution.— We con-
sider a minimal extension of the SIR model in which in-
dividuals are either susceptible (S), infected (I), or recov-
ered (R), and where infectivity is an evolving trait (see
Fig. 1a). For contagions, we assume that infected indi-
viduals make k contacts per time step, transmitting their
associated strain to a susceptible contact with a proba-
bility λ, hereafter referred to as infectivity of that strain.
We assume a competitive exclusion regime, therefore ne-
glecting coinfections by multiple strains. Following [30–
33], infectivity evolves in a one-dimensional trait space
via symmetric mutations of size ±∆λ occurring at rate
D. Finally, infected individuals recover at a rate µ, enter-
ing into the R compartment. The epidemic state of our
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system is characterized by the probability density of in-
fected individuals across the traits space ρI(λ, t) and the
global fraction of recovered r(t) individuals. Taking into
account the rules described above, the time evolution of
these quantities read:

∂ρI(λ, t)

∂t
= k λ ρI(λ, t) s(t)− µρI(λ, t) +

D
2

∂2ρI(λ, t)

∂λ2
,

(1)

dr(t)

dt
= µi(t), (2)

where i(t) =
∫
dλ ρI(λ, t) and s(t) = 1 − i(t) − r(t)

are the disease prevalence and the fraction of suscepti-
ble individuals at time t respectively. For mathemati-
cal convenience, we have used an effective diffusion rate
D = D(∆λ)2, which remains invariant under rescalings
of D and ∆λ that keep D(∆λ)2 constant (see Supple-
mentary Note 1).

Eq. (1) is a reaction–diffusion equation in trait space,
structurally equivalent to replicator–mutator dynamics
under time-dependent selection coefficients (see Supple-
mentary Note 1). In particular, the first term selects
for strains with larger λ through transmission, mediated
by the depletion of the pool of susceptible individuals
s(t) throughout the dynamics. Conversely, the last term
shows how mutation dynamics is translated into a diffu-
sion of infected individuals in the trait space.

Effect of infectivity evolution on epidemic trajectories.—
To characterize the epidemic trajectories, we monitor the
time evolution of both the epidemic prevalence i(t) and
the associated basic reproduction number defined as:

R0(t) =
k λ̄(t)

µ
, (3)

with the average infectivity

λ̄(t) =

∫
dλλ ρI(λ, t)

i(t).
(4)

Unless otherwise stated, both quantities are obtained
from the numerical integration of Eqs. (1)-(2), assum-
ing an initial condition where a single strain with ba-
sic reproduction number R0 = 2 affects a tiny fraction
i0 = 10−3 of the population, with µ = 1/7 days−1 and
k = 10 contacts per day. For evolution, we assume a dis-
crete representation of the trait space with ∆λ = 10−3

(see Supplementary Note 1).

Infectivity evolution qualitatively reshapes epidemic
trajectories, inducing a super-exponential growth, ad-
vancing the epidemic peak and increasing its magnitude
(Fig. 1b). Moreover, Fig. 1c shows that infectivity evo-
lution presents an initial superlinear growth followed by
a bending which is slowed down at later stages. Both re-
sults can be understood analytically from the dynamics
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FIG. 1. Effect of infectivity evolution on epidemic tra-
jectories. a Schematic illustration of the epidemic model
with evolving infectivity. b-c Temporal evolution of the
epidemic prevalence i(t) (b) and basic reproduction number
R0(t) (c). d Epidemic peak imax as a function of the ini-
tial basic reproduction number R0 for different values of D,
revealing an abrupt epidemic diagram induced by infectivity
evolution. In panels b and c, dashed lines show the theoret-
ical predictions from Eqs. (6)-(7), and we set R0 = 2. In
panels b, c and d, we set i0 = 10−3, µ = 1/7, k = 10 and
∆λ = 10−3, and stop simulations if i(t) < 10−4.

of the average infectivity. In the Supplementary Note 2,
we show that differentiating Eq. (4) leads to

dλ̄

dt
= ks(t)Var(λ) , (5)

where Var(λ) is the variance of λ values considering the
prevalence distribution across traits ρI(λ, t). The diffu-
sive contribution yields Var(λ) ≃ Dt. For early-time dy-
namics, one can assume that s(t) ≃ 1. Combining both
assumptions, we can integrate Eq. (4), yielding:

λ̄(t)|t→0 = λ0 +
1

2
kDt2, (6)

which directly translates into a super-exponential growth
of the prevalence,

i(t)
∣∣
t→0

= i0 exp

[
µ (R0 − 1) t+

k2D
6

t3
]
. (7)

Note that infectivity evolution introduces an additional
cubic term [30] in the growth exponent compared to the
standard SIR model. Equations (6)–(7) accurately cap-
ture the early-time dynamics in Fig. 1b–c. As the epi-
demic progresses, the susceptible depletion slows down
the growth of λ̄(t), producing the bending observed in
Fig. 1c (see Appendix A for further details).
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FIG. 2. Effect of infectivity evolution on epidemic con-
trol. a Epidemic peak imax under k− or λ−control as a func-
tion of the intervention time τ for different values of the effec-
tive diffusion rate D. b Same as in a for µ−control. In both
panels, inset represents the theoretical (red dashed line) pre-
diction obtained with Eq. (11) and the numerical (blue dots)
values for the peak of the critical intervention time yielding
the highest imax value. In both panels we set i0 = 10−3,
R0 = 2, µ = 1/7, k = 10 and ε = 0.6.

Effect of infectivity evolution on epidemic control.— The
epidemic peak imax is a pivotal quantity for mathemati-
cal epidemiology, as it indicates the highest pressure on
health systems during epidemic outbreaks. Figure 1d
shows how the epidemic transition of the SIR model is
strongly altered by evolution. While in the absence of
evolution, i.e. D = 0, epidemic outbreaks occur through
a second-order transition at R0 = 1, increasing D gives
rise to abrupt epidemic transitions occurring for lower
R0 values. This occurs because infectivity evolution en-
hances transmissibility during the outbreak, effectively
pushing the dynamics into the supercritical region of
the classical SIR phase diagram even when starting from
marginally transmissible strains [30]. Moreover, the non-
monotonic dependence of imax shows that evolutionary
effects are amplified when outbreaks originate from less
transmissible strains, as slower epidemic growth produces
more transmission chains, thus fueling the evolution of
viral infectivity.

The latter result represents a cautionary tale for the
short-term benefits of control policies, as lowering the
basic reproduction number can lead to a worse epi-
demic scenario. We now tackle this issue by address-
ing the impact of control policies on the epidemic curves
of our model. Our interventions are characterized by
two parameters [14]: the duration of the intervention τ
and its strength ε. Namely, our intervention rescales
the reproduction number, i.e. R0(t) → εR0(t), with
ε ∈ (0, 1), over the intervention time τ . Eq. (3) shows
that such goal can be achieved through three different
strategies: (i) λ−control (reducing transmissibility as
λ → ελ), (ii) k−control (reducing contacts as k → εk)
and iii) µ−control (shortening the infectious period via
(µ → µ/ε). While the first two strategies are related to

inter-host transmission events, the last intervention aims
at accelerating viral clearance within hosts. Unless oth-
erwise stated, we set ε = 0.6 and treat k−control and
λ−control jointly, which are equivalent within the model
(see Supplementary Note 4).

In the absence of infectivity evolution, all policies
monotonically reduce the epidemic peak as the interven-
tion duration τ increases (see Fig. 2a for k− or λ−control
and Fig. 2b for µ−control), implying that longer inter-
ventions are always beneficial. When evolution is consid-
ered, however, imax becomes a non-monotonic function of
τ , initially increasing and then decreasing after reaching
a maximum. Consequently, lifting a control policy too
early may result in a larger epidemic peak than in the
absence of intervention (τ = 0).

This result can be captured analytically. As derived
in Supplementary Note 4, the early-time evolution of the
average infectivity under intervention is

λ̄(t, ε)|t→0 = λ0 +
1

2
αkD t2, (8)

where α = ε for k, λ−control, and α = 1 for µ−control.
As a consequence, the prevalence dynamics follows

i(t, ε)|t→0 = i0 exp

[
µα

ε
(εR0 − 1) t+

α2k2

6
D t3

]
. (9)

We can estimate the peak observed after lifting the
intervention at t = τ , hereafter denoted by imax(τ), by
introducing i(τ) and λ(τ) in the usual expression of the
epidemic peak of the SIR model (see Appendix B and
Supplementary Note 4 for details). Differentiating imax

with respect to τ yields:

dimax

dτ
= −µ i(τ)α

(1− ε)

ε
+

αk2

µ
D τ

ln
(
R0(τ)s(τ)

)
R0(τ)2

.

(10)
This expression makes explicit the competition between
epidemiological suppression (first term) and evolutionary
amplification (second term) for short intervention dura-
tions. In particular, given an intervention duration τ ,
the sign of the derivative changes at a critical diffusion
strength Dc (detailed explicitly in the Appendix C and
in Supplementary Note 4), what pinpoints that interven-
tions improve (worsen) the epidemic scenario for viruses
with D < Dc ( D > Dc).

Considering D > Dc, we can also estimate the dura-
tion of the intervention τ⋆ producing the worst epidemic
scenario, i.e. the maximum value of the epidemic peak

imax. Imposing
dimax

dτ

∣∣∣
τ=τ∗

= 0 yields (see Supplemen-

tary Note 4 for details):

τ⋆ ≃
[
− 1

3BD
W−1

(
−3Bµ3(1− ε)3i30

ε3C3 D2

)]1/3
, (11)
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with B = α2k2/6 and C = k2 lnR0/(µR
2
0). W−1 denotes

one of the branches of the Lambert function W , which
fulfills W (z)eW (z) = z. The resulting analytical predic-
tions are in quantitative agreement with numerical simu-
lations (see insets in Fig. 2), particularly for large values
of D, where the characteristic dynamical timescale is re-
duced. For completeness, in the Supplementary Note 5
we assess the influence of the basic reproduction num-
ber R0, policy strength ε, and the intervention activa-
tion threshold, showing that the nonmonotonic behavior
is robust.

Asymmetric effect of control policies shaping inter-host
or within-host dynamics.— Comparing Figs. 2a-b, we ob-
serve a difference between k, λ−control, and µ−control.
In the absence of infectivity evolution, i.e., the usual SIR
model, shortening the infectious period yields a smaller
post-lifting peak than reducing transmissibility. We ob-
serve that infectivity evolution amplifies this effect for
short interventions whereas it might revert it for longer
interventions, as highlighted by the secondary peak ap-
pearing for D = 2× 10−7 in Fig. 2b.

The impact of the difference between interventions is

made explicit in Fig. 3a, which shows ∆imax = i
(k,λ)
max −

i
(µ)
max. Considering a constant D value, e.g. D = 10−6,
we first observe that increasing τ yields a transition from
a similar outcome of both interventions (∆imax ≃ 0) to
a substantially larger epidemic peak after k, λ−control
compared to the one observed after µ−control. Note that
this transition also appears in absence of evolution, i.e.
very low D values, but evolution exacerbates it and an-
ticipates its onset.

To gain insights into this transition, we represent the
epidemic trajectories i(t) along with the evolution of the
basic reproduction number R0(t) and the pool of sus-
ceptible individuals s(t) for τ = 30 days (Fig. 3b) and
τ = 75 days (Fig. 3c). Comparing the curves of sus-
ceptible individuals, we can observe how the accelera-
tion of the epidemic time scales triggered by µ−control
leads to a faster depletion of the pool of susceptible in-
dividuals. While this faster depletion is not substantial
for very short interventions (Fig. 3b), it becomes evi-
dent once the peak of the µ−control epidemic curves has
been reached (Fig. 3b). In that case, the exhausted pool
of susceptible individuals prevents the emergence of an-
other major outbreak, as observed in the case of the k, λ-
control. Using this intuition, the region of strong asym-
metry should be delimited by those intervention times
yielding the highest epidemic peaks for both interven-
tions, i.e. τ⋆µ and τ⋆k,λ. Thus, we can compute them
with Eq. (11), using the α value of each policy. The red
dashed lines in Fig. 3a show a fair agreement between our
theoretical bounds for this region and the results from
numerical simulations.

Fig. 3a also illustrates that longer interventions and
moderate evolutionary rates revert the asymmetric out-

FIG. 3. Asymmetric effect of control policies. a Differ-
ence in epidemic peak ∆imax between the k, λ−control and
µ−control as a function of τ and D. Dashed curves indi-
cate the theoretical predictions for the critical intervention
durations τ⋆ associated with each strategy. b-e Temporal
evolution of the epidemic prevalence i(t) (top row) and the
corresponding time-varying basic reproduction number R0(t)
(bottom row) for (b) τ = 30 and D = 10−6, (c) τ = 75 and
D = 10−6, (d) τ = 200 and D = 10−8 and (e) τ = 200
and D = 10−7. Panels b-e include the theoretical predic-
tion for the early-time dynamics (red dashed line) and, in the
inset, the evolution of the susceptible population s(t). More-
over, we stop simulations if i(t) < 10−4. In all panels, we
set i0 = 10−3, R0 = 2, µ = 1/7, k = 10 and ε = 0.6. Col-
ors distinguish control strategies, as indicated in panel c, and
vertical lines indicate lifting times. Symbols in panel a corre-
spond to the parameter choices shown in panels b-e.

come of control policies, producing a higher peak for the
µ-control strategy, i.e. ∆imax ≤ 0. To understand this
phenomenon, we consider τ = 200 and represent the
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epidemic and evolutionary curves assuming D = 10−8

(Fig. 3d) and D = 10−7 (Fig. 3e). In both cases, s(t) does
not allow us to explain the unequal outcome, as the pool
of susceptible individuals is only partially depleted and
of similar size for each strategy. We should instead focus
on how the different control policies shape the evolution
of the virus. While µ−control yields the same early-time
evolution of R0 as in the uncontrolled case, k, λ−control
slows down viral evolution. Eq. (8) captures this differ-
ence, encoded in the parameter α, with a fair agreement
between the theoretical lines and the numerical results
at early stages of the outbreak.

Therefore, for intermediate evolutionary speeds, i.e.
D ∼ 10−7, the pool of susceptible agents is large and of
similar size across strategies at t = τ . However, viruses
under µ−control have much higher infectiousness than
those under k, λ−control, thus explaining the higher epi-
demic peak in the secondary outbreak [34]. Note that this
behavior does not appear for faster evolutionary rates as
they induce a much greater depletion of the susceptible
population, not observing any secondary peak.

Conclusions.— We have shown that allowing pathogen
infectivity to evolve reshapes in a fundamental way both
epidemic dynamics and the effectiveness of control strate-
gies. The interplay between contagion (selection) and
mutation (diffusion) induces superexponential early-time
prevalence growth (consistent with previous findings by
Zhang et al. [30]), and an abrupt epidemic phase dia-
gram, positioning trait evolution as an additional path-
way towards explosive transitions in contagion dynamics
[35–37].

When control measures are incorporated, these evolu-
tionary effects lead to qualitatively different and coun-
terintuitive outcomes. In particular, the epidemic peak
depends nonmonotonically on intervention duration, im-
plying that prematurely lifted interventions may worsen
epidemic outcomes relative to doing nothing. Further-
more, we identified an asymmetry between control strate-
gies: interventions acting on transmission parameters
and those shortening the infectious period are no longer
equivalent in the presence of infectivity evolution. Short-
ening the infectious period, e.g. by administering drugs,
accelerates epidemic timescales without slowing infectiv-
ity evolution, whereas acting on inter-host transmission
slows both prevalence and infectivity growth. As a re-
sult, the relative effectiveness of control strategies may
be reversed: policies that appear optimal in non-evolving
settings can become counterproductive once evolutionary
effects are taken into account, particularly when interven-
tions are lifted after the first epidemic peak.

Overall, we have introduced a minimal model re-
vealing a natural multiscale coupling between muta-
tion dynamics within hosts and epidemic control at
the population level, which determines the selection of
newly emerging variants and, consequently, viral evo-

lution. Despite the simplicity of the model here intro-
duced, our findings are quite general and expected to
appear in more biologically-grounded models including
complementary evolutionary pathways such as antigenic
drift [31, 38–40], exhaustive descriptions of within-host
dynamics [41, 42] or evolutionary trade-offs constraining
viral evolution [43–45].
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Appendix A: Sigmoid approximation for susceptible de-
pletion— To analyze the slowdown in the growth of the
average infectivity induced by susceptible depletion, we
approximate the susceptible fraction by a sigmoid func-
tion centered at the epidemic peak, s(t) ≃ s(∞) +

(
1 −

s(∞)
)
/(1 + eσ(t−tp)). Substituting this expression into

Eq. (5) and integrating yields an explicit approximation
for the evolution of the average infectivity at interme-
diate times (see Supplementary Note 3). Retaining the
dominant contribution for times around and beyond the
peak time tp, we obtain

λ̄(t) ∼ kD (A1)

×
[
s(∞)

t2

2
− (1− s(∞))

(
t− tp
σ

e−σ(t−tp)

)]
,

which explicitly displays a negative transient contribu-
tion that temporarily hinders the growth of infectivity
(see Fig. 1c). As time increases, the exponential term
vanishes and the dynamics smoothly crosses over to a
quadratic growth controlled by the remaining suscepti-
ble fraction s(∞).

Appendix B: Hybrid approximation to derive the epidemic
peak— To assess the impact of infectivity evolution on
the effectiveness of control policies, we adopt a hybrid ap-
proximation in which the epidemic dynamics during the
intervention window t ∈ [0, τ ] follows the early-time con-
trolled evolution of i(t, ε) and λ̄(t, ε), while after lifting
the intervention the outbreak evolves as an uncontrolled
SIR process, with initial conditions given by the state at
t = τ (see Supplementary Note 4 for details).

Under this approximation, and assuming that the epi-
demic peak occurs after lifting the intervention, the post-
intervention peak can be approximated using the stan-
dard SIR result [37]

imax(τ) ≈ 1− r(τ)− 1

R0(τ)

[
1 + ln

(
R0(τ)s(τ)

)]
, (A2)

where R0(τ) = kλ̄(τ)/µ and s(τ) = 1− i(τ)− r(τ). Note
that this expression is a strong assumption as it neglects
the impact of evolution on the epidemic peak; evolution
just affects the initial conditions when lifting the inter-
vention.

Differentiating Eq. (A2) with respect to τ and using
the expressions for the controlled dynamics at the lifting

time [Eqs. (8)–(9)] yields the general identity reported in
Eq. (10), which explicitly separates the direct epidemio-
logical contribution from the evolutionary one.

Appendix C: Critical effective diffusion strength— To
quantify when infectivity evolution reverses the mono-
tonic dependence of the epidemic peak on the interven-
tion duration, we analyze the condition dimax/dτ = 0,
reported in Eq. (10) and derived in Appendix B. Setting
dimax/dτ = 0 defines an implicit relation for the critical
effective diffusion strength,

Dc(τ) =
µ2(1− ε) i(τ)R0(τ)

2

εk2 τ ln
(
R0(τ)s(τ)

) . (A3)

Assuming that the epidemic prevalence remains small
at the lifting time, i(τ) ≪ 1, we approximate s(τ) ≃ 1
and ln

(
R0(τ)s(τ)

)
≃ lnR0, and evaluate the logarithmic

and prefactor terms at their zeroth-order values, R0(τ) ≃
R0, while retaining only the leading dependence on D
through the exponential contribution in i(τ). As detailed
in Supplementary Note 5, under these approximations
and using Eq. (9), Eq. (A3) reduces to a transcendental
equation that admits a closed-form solution in terms of
the Lambert W function,

Dc(τ) = − 1

P (τ)
W0[−P (τ)Q(τ)] , (A4)

where P (τ) = α2k2 τ3/6 and Q(τ) = (µ2(1 −
ε)R2

0)/(εk
2 τ lnR0) i0 exp[µα (εR0 − 1) τ/ε]. In the ex-

pression above α = ε for k- or λ-control and α = 1 for
µ-control.
Equation (A4) exhibits a divergence Dc(τ) → ∞ as

τ → 0, reflecting the fact that the hybrid approximation
accounts for infectivity evolution only during the con-
trolled phase and therefore does not capture the τ → 0
limit. For finite intervention durations, however, it pre-
dicts a critical effective diffusion strength such that, for
D > Dc(τ) the epidemic peak increases with the inter-
vention duration, whereas for D < Dc(τ) it decreases.
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SUPPLEMENTARY NOTE 1: COEVOLUTIONARY MODEL

Mapping to replicator–mutator dynamics

Integrating Eq. (1) in the main text over λ yields

di

dt
=
(
ks(t)λ̄(t)− µ

)
i(t), (S.1)

where i(t) =
∫
dλ ρI(λ, t) and λ̄(t) = (

∫
dλλ ρI(λ, t))/(

∫
dλ ρI(λ, t)). We now introduce the normalized trait distri-

bution x(λ, t) = ρI(λ,t)
i(t) , such that

∫
dλx(λ, t) = 1. Taking the time derivative of x(λ, t),

∂x

∂t
=

1

i

∂ρI
∂t

− ρI
i2

∂i

∂t
, (S.2)

and substituting Eq. (1) together with Eq. (S.1), we obtain after rearranging terms

∂x(λ, t)

∂t
= ks(t)

(
λ− λ̄(t)

)
x(λ, t) +

D
2

∂2x(λ, t)

∂λ2
. (S.3)

Equation (S.3) has the structure of a continuous replicator–mutator equation: the selection term ks(t)(λ − λ̄(t))x
represents fitness-dependent growth relative to the population mean, while the diffusion term (D/2)∂λλx models
mutation in trait space. The effective fitness f(λ, t) = kλs(t) depends on the global susceptible fraction s(t), which
acts as a time-dependent mean field encoding resource depletion.

Discrete formulation

Starting from the continuum trait dynamics,

∂ρI(λ, t)

∂t
= k λ ρI(λ, t) s(t)− µρI(λ, t) +

D
2

∂2ρI(λ, t)

∂λ2
, (S.4)

we discretize trait space as λi = λ0 + i∆λ and define ρIi (t) ≡ ρI(λi, t). Using the centered finite-difference approxi-
mation,

∂2ρI
∂λ2

∣∣∣∣
λ=λi

≃
ρIi−1 − 2ρIi + ρIi+1

(∆λ)2
, (S.5)

Eq. (S.4) becomes

ρ̇Ii = λikρ
I
i s− µρIi +

D
2(∆λ)2

(
ρIi−1 − 2ρIi + ρIi+1

)
. (S.6)

Introducing the discrete mutation operator ∆ρIi ≡ ρI
i−1+ρI

i+1

2 − ρIi , we can rewrite Eq. (S.6) as

ρ̇Ii = λikρ
I
i s− µρIi +D∆ρIi , D ≡ D

(∆λ)2
. (S.7)

Therefore, changing the discretization ∆λ → a∆λ can be exactly compensated by D → D/a2, leaving the continuum
parameter D = D(∆λ)2 invariant.
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SUPPLEMENTARY NOTE 2: EARLY-TIME DYNAMICS

In this Supplementary Note we derive the coupled evolution of the average infectivity and the epidemic prevalence,
making explicit the respective roles of selection and mutation in shaping the early-time dynamics. We start considering
the discrete version of the model introduced in Eq. (S.7), where the density of infected individuals carrying infectivity
λi evolves as

ρ̇Ii = λikρ
I
i s− µρIi +D∆ρIi , ∆ρIi =

ρIi−1 + ρIi+1

2
− ρIi , (S.8)

with s(t) = 1−
∑

i ρ
I
i (t)− r(t). We recall that the total prevalence and the average infectivity are defined as

i(t) ≡
∑
i

ρIi (t), λ̄(t) ≡
∑

i λiρ
I
i (t)∑

i ρ
I
i (t)

. (S.9)

Evolution of the average infectivity

Let A(t) ≡
∑

i λiρ
I
i (t) and B(t) ≡

∑
i ρ

I
i (t) = i(t), so that λ̄ = A/B. Differentiating the average infectivity yields

˙̄λ =
Ȧ

B
− λ̄

Ḃ

B
. (S.10)

Using Eq. (S.8),

Ȧ = ks
∑
i

λ2
i ρ

I
i − µ

∑
i

λiρ
I
i +D

∑
i

λi∆ρIi , (S.11)

Ḃ = ks
∑
i

λiρ
I
i − µ

∑
i

ρIi . (S.12)

Substituting Eqs. (S.11)–(S.12) into Eq. (S.10), the recovery terms cancel and we obtain

˙̄λ(t) = ks(t)Var(λ; t) +D

∑
i λi∆ρIi (t)∑

i ρ
I
i (t)

, (S.13)

where Var(λ; t) ≡
∑

i λ
2
iρ

I
i (t)∑

i ρ
I
i (t)

− λ̄(t)2 is the prevalence-weighted variance of infectivity. To lighten the notation, we will

omit the time dependence in the variance in what follows.
Equation (S.13) separates two contributions. The first term is a selection term: transmission favors larger λ, so the

mean infectivity increases proportionally to the width of the trait distribution, modulated by the susceptible fraction
s(t). The second term is a mutation term, representing the net drift of the first moment induced by diffusion in trait
space. We note that the mutation term is a discrete divergence (the net difference of nearest-neighbor fluxes in trait
space). Using λi+1 − λi = ∆λ, it can be rewritten as∑

i

λi∆ρIi =
1

2

∑
i

λi

(
ρIi+1 − 2ρIi + ρIi−1

)
=

∆λ

2

(∑
i

ρIi+1 −
∑
i

ρIi−1

)
, (S.14)

which vanishes for symmetric trait domains with negligible density at the boundaries (or, equivalently, under no-flux
boundary conditions). Therefore, at leading order,

˙̄λ(t) ≃ ks(t)Var(λ). (S.15)

Diffusive growth of trait variance

To close Eq. (S.15) we determine the time evolution of Var(λ). Let M2(t) ≡
∑

i λ
2
i ρ

I
i (t), which corresponds to

the second (non-central) moment of the infectivity distribution weighted by the infected density. Differentiating
Var(λ) = M2/B − λ̄2 gives

d

dt
Var(λ) =

Ṁ2

B
− M2

B2
Ḃ − 2λ̄ ˙̄λ. (S.16)
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We first focus on the diffusive contribution to Ṁ2, which after recalling that
∑

i λi∆ρIi = 0 reads

Ṁ2

∣∣∣
diff

= D
∑
i

λ2
i ∆ρIi . (S.17)

In the continuum limit of Supplementary Note 1, D∆ρI → D
2

∂2ρI

∂λ2 , where D ≡ D(∆λ)2, so that

Ṁ2

∣∣∣
diff

≃ D
2

∫
λ2 ∂

2ρI

∂λ2
dλ. (S.18)

Integrating by parts twice and assuming vanishing boundary terms,∫
λ2 ∂

2ρI

∂λ2
dλ = −

∫
2λ

∂ρI

∂λ
dλ = 2

∫
ρI(λ, t) dλ. (S.19)

Since
∫
ρI dλ = B, we obtain

Ṁ2

∣∣∣
diff

≃ DB. (S.20)

Diffusion conserves total prevalence, Ḃ|diff = 0, so the leading diffusive contribution to the variance evolution is

˙Var(λ)
∣∣∣
diff

≃ D. (S.21)

The remaining contribution to ˙Var(λ) arises from the selection terms in Eq. (S.8). After expressing ˙Var(λ) =

Ṁ2/B− (M2/B
2)Ḃ− 2λ̄ ˙̄λ, this contribution can be written as a central third-order moment of the trait distribution,

i.e. ˙Var(λ)
∣∣∣
sel

= ks⟨(λ − λ̄)3⟩ρI . The trait distribution forms a nearly symmetric traveling profile in λ-space, so its

skewness is small. Equivalently, at leading order, the distribution is well described by a Gaussian approximation, for
which the third central moment vanishes. As a result, this selection-induced contribution is subleading for the sharply
peaked initial condition considered here compared to the diffusive term. Therefore, integrating Eq. (S.21) yields

Var(λ) ≃ D t, (S.22)

where we used Var(λ; t = 0) ≃ 0 for a sharply peaked initial condition.

Closed expression for the evolution of the average infectivity

Finally, substituting Eq. (S.22) into Eq. (S.15) yields ˙̄λ(t) ≃ kD s(t) t, whose integration results in

λ̄(t) = λ0 + kD
∫ t

0

s(t′) t′ dt′, (S.23)

as reported in the main text. At early times s(t′) ≃ 1, giving Eq. (4):

λ̄(t)
∣∣∣
t→0

= λ0 +
1

2
kD t2. (S.24)

Closed expression for the evolution of the prevalence

Considering the early-time regime s(t) ≃ 1 and the evolution of the average infectivity given by Eq. (S.24), we can
rewrite Eq. (S.1) as

∂i(t)

∂t

1

i(t)
≃ kλ0 − µ+

1

2
k2D t2 = µ(R0 − 1) +

1

2
k2D t2, (S.25)

where R0 ≡ kλ0/µ. Integrating Eq. (S.25) from 0 to t finally yields to Eq. (7):

i(t)
∣∣∣
t→0

= i0 exp

[
µ(R0 − 1)t+

k2D
6

t3
]
, (S.26)

which makes explicit the superexponential early-time growth induced by infectivity evolution.
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SUPPLEMENTARY NOTE 3: SIGMOID APPROXIMATION OF SUSCEPTIBLE DEPLETION

In this Supplementary Note we expand on Appendix A by providing the detailed derivation of the analytical
approximation for the time dependence of the susceptible fraction, and use it to characterize the slowdown of infectivity
growth at intermediate times.

In standard SIR dynamics, the susceptible population decreases monotonically from s(0) ≃ 1 to its final value
s(∞) = 1 − r(∞). Although no closed-form expression exists for s(t), its qualitative shape is robust: a slow initial
decay, a rapid drop around the epidemic peak, and a final saturation. Motivated by this behavior, we approximate
the susceptible fraction by a sigmoid centered at the epidemic peak time tp,

s(t) ≃ s(∞) +
1− s(∞)

1 + eσ(t−tp)
. (S.27)

The parameters s(∞), tp, and σ encode the final epidemic size, the time of maximum prevalence, and the characteristic
timescale of susceptible depletion, respectively.

Substituting the sigmoidal approximation (S.27) into Eq.(S.23), which captures the evolution of the average infec-
tivity, yields

λ̄(t) = λ0 + kD
[
s(∞)

t2

2
+
(
1− s(∞)

) ∫ t

0

t′

1 + eσ(t
′−tp)

dt′
]
. (S.28)

The remaining integral can be evaluated explicitly. Integrating by parts, one obtains∫ t

0

t′

1 + eσ(t
′−tp)

dt′ = − t− tp
σ

e−σ(t−tp)

1 + e−σ(t−tp)
− 1

σ2

e−σ(t−tp)

1 + e−σ(t−tp)
− tp

σ

e−σ(t−tp)

1 + e−σ(t−tp)
+ const, (S.29)

where the additive constant is fixed so that the integral vanishes at t = 0. Substituting Eq. (S.29) into Eq. (S.28) and
retaining the dominant contributions for times around and beyond the epidemic peak, we finally obtain Eq. (A1):

λ̄(t) ∼ kD
[
s(∞)

t2

2
−
(
1− s(∞)

) t− tp
σ

e−σ(t−tp)

]
, (S.30)

which makes explicit the presence of a negative transient contribution to the growth of the average infectivity around
the epidemic peak, due to susceptible depletion.
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SUPPLEMENTARY NOTE 4: HYBRID APPROXIMATION FOR EPIDEMIC CONTROL

In this Supplementary Note we derive the hybrid analytical framework used to characterize epidemic control in
the presence of infectivity evolution. The approach considers an intervention applied over a finite time window [0, τ ],
during which infectivity evolves under control, followed by a post-intervention phase in which the dynamics proceeds
without control and with infectivity fixed to its value at lifting.

Early-time dynamics under intervention

We focus on control strategies applied during a finite intervention window [0, τ ], and distinguish between interven-
tions acting on transmission parameters, either by reducing the contact rate k or the transmission probability λ by a
factor ε ∈ (0, 1), and interventions acting on the recovery rate µ. As shown in Supplementary Note 2, the evolution
of the average infectivity follows from differentiating λ̄ =

∑
i λiρ

I
i /
∑

i ρ
I
i and substituting the dynamical equation for

ρ̇Ii (Eq. (S.8), which is the discrete version of Eq. (1)). Importantly, only the transmission term λikρ
I
i s contributes

to the selective amplification of higher-infectivity strains, whereas the recovery term cancels out in the derivation of
˙̄λ(t), yielding ˙̄λ(t) = k s(t)Var(λ) (see Supplementary Note 2), which depends explicitly on the transmission process
but not on the recovery rate.

As a consequence, control interventions modify infectivity evolution only if they rescale the transmission term in
Eq. (S.8). For k- or λ-control, the transmission term is multiplied by ε, so the same factor appears in the selection

term driving ˙̄λ. In contrast, µ-control alters only the recovery term, which does not contribute to ˙̄λ(t), and therefore
does not affect the selective amplification mechanism. Accordingly, the effect of control on infectivity evolution can
be encoded in a single parameter α, capturing whether the intervention rescales the selection term. During the
intervention, the evolution of the average infectivity can be written in the unified form

˙̄λ(t) = αk s(t)Var(λ), (S.31)

where α = ε for interventions acting on transmission (k- or λ-control), and α = 1 for interventions acting on the
recovery rate µ.

Assuming that the intervention occurs during early-time dynamics, prevalence remains small and we approximate
s(t) ≃ 1. Using the early-time growth of the variance derived in Eq. (S.22) of Supplementary Note 2, Var(λ) ≃ D t,
integration of Eq. (S.31) yields to Eq. (8):

λ̄(t, ε) = λ0 +
1

2
αkD t2. (S.32)

The evolution of the epidemic prevalence during an early-time intervention follows from the equation

di(t)

dt

1

i(t)
= βc(t)− µc, (S.33)

where βc(t) and µc denote the effective transmission and recovery rates under control.
For interventions acting on transmission (k- or λ-control), the force of infection is rescaled by a factor ε, yielding

βc(t) = εk λ̄(t) and µc = µ. In contrast, for interventions acting on the recovery rate (µ-control), the transmission
process is unaltered, so that βc(t) = k λ̄(t), whereas the recovery rate is rescaled as µc = µ/ε. Substituting Eq. (S.32)
into Eq. (S.33) and integrating from 0 to t gives

i(t, ε)|t→0 = i0 exp

[
µα

ε
(εR0 − 1) t+

α2k2

6
D t3

]
. (S.34)

which coincides with Eq. (9). Eq. (S.34) shows explicitly the coexistence of a linear epidemiological contribution,
controlled by the intervention, and a positive evolutionary contribution scaling as t3.

Variation of the post-intervention peak

We now derive an explicit expression for the variation of the post-intervention epidemic peak with respect to the
lifting time τ within the hybrid approximation introduced above. We assume that the global peak occurs after lifting
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the intervention, i.e., the maximum prevalence is attained for t > τ , and denote by (s(τ), i(τ), r(τ)) the state at the
lifting time. After t = τ , we approximate the system dynamics to follow an uncontrolled SIR process with recovery
rate µ and transmission rate β(τ) set by the infectivity at lifting, β(τ) = kλ̄(τ). The basic reproduction number
immediately after lifting is therefore R0(τ) = β(τ)/µ = kλ̄(τ)/µ.
For an SIR outbreak with constant basic reproduction number R0 starting from (s0, i0, r0), the infected fraction

reaches its maximum when s = 1/R0. Using the SIR invariant

r(t) +
1

R0
ln s(t) = r0 +

1

R0
ln s0, (S.35)

and imposing the condition speak = 1/R0, one obtains the peak prevalence

imax = 1− r0 −
1

R0
[1 + ln(R0s0)] . (S.36)

Applying Eq. (S.36) to the post-lifting outbreak with (s0, i0, r0) = (s(τ), i(τ), r(τ)) and R0 = R0(τ) yields Eq. (A2):

imax(τ) = 1− r(τ)− 1

R0(τ)

[
1 + ln

(
R0(τ)s(τ)

)]
, (S.37)

where s(τ) = 1− i(τ)− r(τ).
We now differentiate Eq. (S.37) with respect to τ using the chain rule, which yields

dimax

dτ
= −ṙ(τ) +

Ṙ0(τ)

R0(τ)2
[
1 + ln

(
R0(τ)s(τ)

)]
− 1

R0(τ)

(
Ṙ0(τ)

R0(τ)
+

ṡ(τ)

s(τ)

)
(S.38)

= −ṙ(τ) +
Ṙ0(τ)

R0(τ)2
ln
(
R0(τ)s(τ)

)
− 1

R0(τ)

ṡ(τ)

s(τ)
. (S.39)

During the controlled phase t ∈ [0, τ ], the SIR equations imply

ṙ(τ) = µc i(τ), ṡ(τ) = −βc(τ) s(τ) i(τ), (S.40)

where βc(τ) and µc denote the controlled transmission and recovery rates, respectively. Recall that the post-lifting
outbreak is approximated as an uncontrolled SIR process with transmission rate β(τ) = kλ̄(τ) and baseline recovery
rate µ. Using ṡ(τ)/s(τ) = −βc(τ) i(τ), Eq. (S.39) can be rewritten as

dimax

dτ
= −µc i(τ) +

Ṙ0(τ)

R0(τ)2
ln
(
R0(τ)s(τ)

)
+

βc(τ)

R0(τ)
i(τ). (S.41)

Introducing α such that α = ε for interventions acting on transmission (k- or λ-control), whereas α = 1 for interven-
tions acting on the recovery rate (µ-control), Eq. (S.41) can be written in the compact form

dimax

dτ
= −µ i(τ)α

(1− ε)

ε
+

Ṙ0(τ)

R0(τ)2
ln
(
R0(τ)s(τ)

)
. (S.42)

Finally, using the early-time evolution of the average infectivity during the intervention, λ̄(τ) = λ0 + αkDτ2/2, we
obtain

Ṙ0(τ) =
αk2

µ
Dτ, (S.43)

which, substituted into Eq. (S.42), yields the unified expression reported in Eq. (10) of the main text.

Critical diffusion strength

The onset of nonmonotonic epidemic responses is determined by the existence of intervention durations τ for which
the post-lifting epidemic peak satisfies dimax/dτ = 0. Using Eq. (8) of the main text and evaluating all quantities at
lifting, this condition can be written explicitly as

µα
(1− ε)

ε
i(τ) =

αk2

µ
D τ

ln
(
R0(τ)s(τ)

)
R0(τ)2

, (S.44)



14

where α = ε for transmission-based control (k- or λ-control) and α = 1 for recovery-based control (µ-control).
Equation (S.44) expresses a balance between a negative epidemiological contribution proportional to the prevalence
accumulated during the intervention (left-hand side) and a positive evolutionary contribution driven by the increase
of the time-varying basic reproduction number due to infectivity evolution (right-hand side). Since α > 0, it cancels
from both sides, yielding the implicit relation reported in Eq. (A3):

Dc(τ) =
µ2(1− ε) i(τ)R0(τ)

2

εk2 τ ln
(
R0(τ)s(τ)

) . (S.45)

To obtain an explicit expression, we assume that the prevalence remains small at lifting and that the dominant
contribution encoding evolutionary effects enters through the prevalence i(τ). Accordingly, we approximate s(τ) ≃ 1,
ln
(
R0(τ)s(τ)

)
≃ lnR0 and R0(τ) ≃ R0. Under these approximations, Eq. (S.45) reduces to

Dc(τ) ≃
µ2(1− ε)R2

0

εk2 τ lnR0
i(τ). (S.46)

We now substitute the early-time prevalence at lifting in its unified form,

i(τ) ≃ i0 exp

[
µα

ε
(εR0 − 1) τ +

α2k2

6
Dc(τ) τ

3

]
, (S.47)

where α = ε for k- or λ-control and α = 1 for µ-control. Substituting Eq. (S.47) into Eq. (S.46) yields

Dc(τ) ≃
µ2(1− ε)R2

0

εk2 τ lnR0
i0 exp

[
µα

ε
(εR0 − 1) τ +

α2k2

6
Dc(τ) τ

3

]
. (S.48)

Defining

P (τ) =
1

6
α2k2 τ3, Q(τ) =

µ2(1− ε)R2
0

εk2 τ lnR0
i0 exp

[µα
ε

(εR0 − 1) τ
]
, (S.49)

Eq. (S.48) can be written as −P (τ)Dc(τ) e
−P (τ)Dc(τ) = −P (τ)Q(τ), so that the solution can be expressed in closed

form as in Eq. (A4) using the Lambert W function, defined by W (x)eW (x) = x:

Dc(τ) = − 1

P (τ)
W0[−P (τ)Q(τ)] . (S.50)

Here W0 denotes the relevant real branch of the Lambert function. Due to the assumptions of our hybrid approx-
imation, this expression diverges Dc(τ) → ∞ as τ → 0, while capturing the existence of a finite critical effective
diffusion strength for small but finite intervention durations.

Critical intervention duration

When evolutionary effects are present, the post-lifting epidemic peak imax(τ) is no longer monotonic in the inter-
vention duration τ . An interior extremum τ⋆ > 0 is determined by the condition dimax/dτ = 0. Using Eq. (8) of the
main text and evaluating all quantities at the lifting time, the condition dimax/dτ = 0 can be written as

µ
(1− ε)

ε
i(τ) =

k2

µ
D τ

ln
(
R0(τ)s(τ)

)
R0(τ)2

, (S.51)

Assuming early-time dynamics and that the dominant evolutionary contribution enters through the prevalence at
lifting, we approximate s(τ) ≃ 1, R0(τ) ≃ R0, and ln

(
R0(τ)s(τ)

)
≃ lnR0. Under these conditions, Eq. (S.51) reduces

to

µ
(1− ε)

ε
i(τ) ≃ k2

µ
D τ

lnR0

R2
0

. (S.52)

Substituting Eq. (7) into Eq. (S.52) yields the transcendental equation

C D τ = µ
(1− ε)

ε
i0 exp

[
Aτ +BD τ3

]
, (S.53)
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with

A =
µα

ε
(εR0 − 1) , B =

α2k2

6
, C =

k2

µ

lnR0

R2
0

, (S.54)

and α encoding the effect of the control strategy, being α = ε for interventions acting on transmission (k- or λ-control),
whereas α = 1 for interventions acting on the recovery rate (µ-control). In the regime where the cubic evolutionary
term dominates the exponent, BDτ3 ≫ |Aτ |, Eq. (S.53) simplifies to

C D τ ≃ µ
(1− ε)

ε
i0 exp

(
BD τ3

)
. (S.55)

Defining x ≡ 3BD τ3, one obtains

x ex = −3B µ3(1− ε)3 i30
ε3C3 D2

, (S.56)

and finally, using the definition of the Lambert function, W (z)eW (z) = z, we reach Eq. (11) in the main text:

τ⋆ ≃
[
− 1

3BD
W−1

(
−3B µ3(1− ε)3 i30

ε3C3 D2

)]1/3
. (S.57)

The argument of the Lambert function is negative, so two real branches may exist whenever −1/e < z < 0. The
physically relevant solution corresponding to an interior maximum of imax(τ) is obtained from the W−1 branch.
The principal branch W0 yields a small-τ solution that corrects an initial decreasing trend introduced by the hybrid
approximation.



16

SUPPLEMENTARY NOTE 5: ROBUSTNESS OF THE NONMONOTONIC EPIDEMIC RESPONSE

In Fig. 2 of the main text, we showed that infectivity evolution induces a nonmonotonic dependence of the post-
intervention epidemic peak imax on the intervention duration τ . In Supplementary Fig. 1 we assess the robustness
of this behavior under variations of key epidemiological parameters, while keeping the effective diffusion strength
fixed at D = 10−6. We independently vary: the initial basic reproduction number R0 in Fig. 1.a, the intervention
strength ε in Fig. 1.b, and the activation threshold ithr in Fig. 1.c, which determines the prevalence level at which the
intervention is triggered. Specifically, the control policy is implemented once the infected fraction satisfies i(t) = ithr.
Thus, ithr = i0 corresponds to an intervention applied immediately at the onset of the outbreak, whereas larger
values of ithr delay the implementation of control, allowing the epidemic and infectivity evolution to progress before
intervention.

In all cases, the qualitative nonmonotonic behavior persists. Increasing τ increases the post-lifting epidemic peak un-
til a critical value τ⋆. After that, the peak decreases with τ . Quantitatively, increasing R0 shifts the maximum toward
smaller intervention durations. Varying the intervention strength ε modulates the balance between epidemiological
suppression and evolutionary amplification: stronger interventions (smaller ε) advance the onset of the maximum and
reduce its amplitude. Finally, changes in ithr effectively rescale the initial conditions of the epidemic trajectories. This
affects the early-time accumulation of evolutionary effects and therefore alter the location of the maximum. Overall,
these results confirm that the nonmonotonous behavior is robust across a broad region of parameter space.
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Supplementary Fig. 1. Robustness of the nonmonotonic epidemic impact. Epidemic peak imax as a function of the
intervention duration τ . Columns show the dependence on: a the initial basic reproduction number R0, b the intervention
strength ε, and c the activation threshold ithr. Unless otherwise varied, parameters are R0 = 2, ε = 0.6, ithr = 0, i0 = 10−3,
µ = 1/7, k = 10, D = 10−6 and ∆λ = 10−3.
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